Let p be an odd prime. Let K = Q(ζ) be the p-cyclotomic field and let O K be the ring of integers of K. Let π be the prime ideal of K lying over p. An integer
Some definitions on cyclotomic fields
In this section, we fix some definitions and notations and remind reader of some classical properties of cyclotomic fields used in the article.
1. Let p be an odd prime. Let K = Q(ζ) be the p-cyclotomic number field. Let O K = Z[ζ] be the ring of integers of K. Let K + = Q(ζ + ζ −1 ) be the maximal totally real subfield of K. The ring of integers of K + is O K + = Z[ζ + ζ −1 ]. Let us denote O * K + the group of units of O K + . Let F p be the finite field with p elements. Let F * p = F p − {0}. 2. Let us denote a the ideals of O K and Cl(a) their classes in the class group of K. Let us denote < Cl(a) > the finite group generated by the class Cl(a). If a ∈ O K then aO K is the principal ideal of O K generated by a. The ideal pO K = π p−1 where π is the principal prime ideal (1 − ζ)O K . Let us denote λ = ζ − 1, so π = λO K .
3. Let G = Gal(K/Q) be the Galois group of the field K. Let σ be a Kisomorphism generating the cyclic group G. σ is defined by σ(ζ) = ζ u where u is a primitive root mod p.
4. For this primitive root u mod p and i ∈ N, let us denote u i ≡ u i mod p, 1 ≤ u i ≤ p − 1. For i ∈ Z, i < 0, this is to be understood as u i u −i ≡ 1 mod p. This notation follows the convention adopted in Ribenboim [3] , last paragraph of page 118. This notation is largely used in the sequel of this article.
5. Let C p , C + p be the subgroups of exponent p of the class groups of the field K and K + .
Let r be the rank of the groups C p . The abelian group C p is a group of order
7. We say that an algebraic number C ∈ K is singular if C 1/p ∈ K and CO K = c p for some ideal c of K. If C is integer then C is called a singular integer. Observe that with this definition a unit is a singular integer. We say that C is singular primary if C is singular and C ≡ c p mod π p , c ∈ Z, c ≡ 0 mod p. We say that the singular number C is semi-primary if C ≡ c mod π 2 , c ∈ Z, c ≡ 0 mod p. Observe that if C is primary then C is semi-primary.
8. When p is irregular, there exists at least one subgroup Γ of order p of the class group of K annihilated by a polynomial σ − µ with µ ∈ F * p . In this article we prove, for each Γ, the existence of singular semi-primary integers B where BO K = b p with class Cl(b) ∈ Γ and B σ−µ ∈ K p and we describe their π-adic expansion.
On π-adic expansion of singular integers
In this section we consider the singular integers
π-adic expansion of singular negative integers
At first, we give a general lemma dealing with congruences on p-powers of algebraic numbers of K.
Proof. Let λ = (ζ − 1). Then α − β ≡ 0 mod π implies that α − ζ k β ≡ 0 mod π for k = 0, 1, . . . , p − 1. Therefore, for all k,
For k = l we get a k = a l , because π (ζ k − ζ l ) and because hypothesis α ≡ 0 mod π implies that β ≡ 0 mod π. Therefore, there exists one and only one k such that
B is semi-primary, hence σ(B) is semi-primary. η and α p are semi-primary, hence w = 0. Then σ(B) = B µ ηα p and by conjugation σ(B) = B µ ηα p and the result follows.
Therefore the hypothesis C non-primary implies that v π (C − 1) ≤ p − 2. There exists a natural integer ν such that π ν C − 1, hence
We have to prove that ν ≤ p − 2 implies that ν = 2m + 1:
In the other hand α 1 ≡ 1 mod π and then, from lemma 2.1, α p
Therefore, we have proved that ν = 2m + 1.
In this theorem we generalize to singular integers B the results obtained for singular numbers C in lemma 2.2 and 2.3. 
This relation leads to
If B ′ is non-primary then it leads in the same way than in lemma 2.3 p. 3 to the congruence
which achieves the proof.
The case µ = u 2m+1 with 2m + 1 > p−1
2
Let us consider the singular number C defined in lemma 2.3 p. 3. The number C can be written in the form
In the theorem 2.6 p. 6, we shall compute the coefficients γ and γ i mod p.
Lemma 2.5. C verifies the congruences
Proof. We have seen in lemma 2.2 p. 3 that σ(C) ≡ C µ mod π p+1 . From 2m+1 > p−1 2
we derive that
In the other hand, we get by conjugation
We have the identity
This leads to
Therefore, from the congruence σ(C) ≡ C µ mod π p+1 we get the congruences in the basis 1, ζ, ζ u , . . . , ζ u p−3 ,
From these congruences, we get γ ≡ −
Theorem 2.6. If 2m + 1 > p−1 2 then C verifies the congruence
where δ ∈ Z is coprime with p when C is non-primary.
Proof. The result is trivial if C is primary. Suppose that C is not primary. From definition of C, setting C = 1 + V , we get :
Then, from lemma 2.5 p. 5, observing that µ −(p−2) + · · · + µ −1 ≡ −1 mod p, we obtain the relations
From these relations we get
In the other hand −ζ − ζ u − · · · − ζ u p−3 = 1 + ζ u p−2 and µ −(p−1) ≡ 1 mod p implies that
Remark: we have a similar result with (B ′ ) p−1 in place of C.
π-adic expansion of singular positive integers
Let b be an ideal of O K whose class Cl(q) ∈ C + p is annihilated by σ − µ. In that case µ (p−1)/2 ≡ 1 mod p and µ = u 2m mod p, 1 ≤ m ≤ p−3 2 .
Theorem 2.7.
1. There exists singular semi-primary positive integers B ∈ O K such that:
2. If B is non-primary then π 2m B p−1 − 1.
Proof. There exists semi-primary integers
From independent forward theorem 3.1 p. 10 dealing with unit group O * K + , the unit η verifies the relation
where ν j = ν j ′ for 2 ≤ j < j ′ ≤ N and ν j = µ for j = 2, . . . , N . Let us denote E = η l 1 1 and U = N j=2 η l j j , hence η = EU . Show that there exists V ∈ O * K + such that
which is possible, because ν j ≡ µ, j = 2, . . . , N . Therefore, for B = B ′ × V , we get B ′ = BV −1 and so
From relation (10) we get
hence we get the two simultaneous relations
Show that
and also
Then, gathering these two relations we get
In the other hand B σ p−1 −1 = 1. But in the euclidean field F p [X], we have gcd((X p−1 − 1), (X − µ) 2 )) = X − µ. Therefore B σ−µ = α p 3 , α 3 ∈ K, and so
The end of proof is similar to the proof of previous lemma 2.4 p. 4. 
where δ ∈ Z is coprime with p when B is non-primary
Proof. If B is primary then it results of definition of primary numbers . If B is non-primary the proof is similar to theorem 2.6 proof. The next theorem for the p-unit group U = O * K + /O * p K + is the translation of the similar theorem 2.6 p. 6 for the singular negative integers. 
where δ ∈ Z is coprime with p when η is non-primary.
